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We present a theoretical and experimental study of the generation of photon pairs through the
process of spontaneous four wave mixing (SFWM) in a few-mode, birefringent fiber. Under these
conditions, multiple SFWM processes are in fact possible, each associated with a different combina-
tion of transverse modes for the four waves involved. We show that in the weakly guiding regime, for
which the propagation modes may be well approximated by linearly polarized modes, the departure
from circular symmetry due to the fiber birefringence translates into conservation rules which retain
elements from azimuthal and rectangular symmetries: both OAM and parity must be conserved for
a process to be viable. We have implemented a SFWM source based on a “bow-tie” birefringent
fiber, and have measured for a collection of pump wavelengths the SFWM spectra of each of the
signal and idler photons in coincidence with its partner photon. We have used this information, to-
gether with knowledge of the transverse modes into which the signal and idler photons are emitted,
as input for a genetic algorithm which accomplishes two tasks: i) the identification of the particular
SFWM processes which are present in the source, and ii) the characterization of the fiber used.
PACS numbers: 42.50.-p, 42.50.Dv, 03.65.Ud
I. INTRODUCTION
The process of spontaneous four wave mixing
(SFWM) [1] has, over the last decade and a half, be-
come a viable alternative based on the χ(3) non-linearity
of optical fibers for the generation of photon pairs, to
the more established process of spontaneous parametric
downconversion (SPDC) in χ(2) non-linear crystals [2].
The implementation of SFWM sources with fibers which
support more than one transverse mode leads to a wealth
of possibilities, some of which are explored in this paper.
The transverse modal content of a fiber can be ex-
ploited for increasing the transmission capacity in optical
communication systems [3], and in nonlinear optics may
be used for tuning the frequencies of operation [4, 5]. In
the context of χ(2) non-linear waveguide SPDC sources,
the use of transverse modes has been explored in a num-
ber of papers [7–10, 28]. Transverse spatial modes repre-
sent an essential feature of optical fibers; in this paper, we
focus on the interplay of the spectral and transverse spa-
tial mode degrees of freedom in the SFWM process. We
show that the two-photon state obtained through SFWM
in a fiber which supports more than one transverse mode
in general exhibits hybrid entanglement in frequency and
transverse mode [11]. Importantly, spatial entanglement
based on transverse fiber modes is scalable to higher di-
mensions as controlled by the number of supported fiber
modes, unlike polarization entanglement which is limited
to a dimension of 2. A highly important feature of higher-
order fiber modes is that they may carry orbital angular
momentum (OAM), so that transverse mode entangle-
ment can imply the presence of OAM entanglement.
Building on previous work from our group [12], we have
concentrated on the use of few-mode, weakly guiding, bi-
refringent fibers [13–16] as a useful experimental platform
for the study of two-photon states which can exhibit hy-
brid entanglement in frequency and transverse mode. In
such fibers, while all six electromagnetic field components
of the supported modes are non-zero, they may be well
approximated by linearly polarized (LP) modes. If multi-
ple transverse modes are supported, a number of SFWM
processes are possible each involving a distinct combina-
tion of transverse modes for the four participating waves:
pump 1, pump 2, signal, and idler. We discuss how
in the absence of full circular symmetry the supported
modes may be well-described by linearly polarized (LP)
modes with well-defined even/odd parities. It is known
that while OAM conservation is expected for circularly-
symmetric guided-wave SPDC and SFWM sources, this
conservation rule becomes parity conservation for sources
with rectangular symmetry. We show that SFWM in
birefringent fibers retain elements from both azimuthal
and Cartesian symmetries: i.e. both OAM and parity
are conserved. For a fiber which supports M modes,
there may be up to M4 intermodal SFWM processes; we
describe how parity and OAM conservation rules define
which of these M4 processes can actually take place.
We present experimental data of SFWM spectra ob-
tained for a birefringent “bow tie” fiber, for a number of
different pump wavelengths. This data shows evidence
of three separate SFWM processes, manifested by three
pairs of energy-conserving peaks. An analysis of the pro-
cesses which conserve both OAM and parity, together
with a genetic algorithm which takes the measured spec-
tra along with the known propagation modes correspond-
ing to each of the six peaks as input, enables us to identify
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2the specific SFWM processes present in our source, and
also yields a characterization of the fiber used.
II. INTERMODAL SPONTANEOUS FOUR
WAVE MIXING IN BIREFRINGENT FIBERS
A. The two-photon state for multiple intermodal
SFWM processes
In an optical fiber which supports more than one trans-
verse mode, several intermodal SFWM processes can take
place. The resulting two-photon state is then a coher-
ent superposition of the contributions from the different
processes, each of which is associated with a particular
combination of transverse modes for the four waves in-
volved (pump 1, pump 2, signal, and idler) [12]. Here
we will consider experimental situations where while the
two pumps may be non-degenerate in transverse mode,
they are spectrally degenerate.
As will be discussed in detail below, among all possi-
ble combinations of supported modes for the four waves,
those that i) are phasematched, and ii) have a non-zero
transverse mode overlap, lead to allowed SFWM pro-
cesses. If there are N such allowed processes (in the
spectral range of interest), the two photon state in gen-
eral exhibits hybrid entanglement in frequency and in
transverse mode, and is given by |Ψ〉 = |vac〉 + η|Ψ2〉,
with
|Ψ2〉 =
N∑
j=1
√
Wj1Wj2Oj(αj , βj , µj , νj) (1)
×
∫
dωs
∫
dωi fj(ωs, ωi)aˆ
†(ωs;µj)aˆ†(ωi; νj)|vac〉,
where for process j, aˆ†(ωs;µj) (aˆ†(ωi; νj)) is the cre-
ation operator for the signal (idler) mode with fre-
quency ωs (ωi) propagating in transverse spatial mode
µj (νj), and where the pump 1 (pump 2) wave propa-
gates in transverse mode αj (βj) with power Wj1 (Wj2).
Oj(αj , βj , µj , νj) is the transverse mode overlap between
the four waves, expressed in terms of the transverse elec-
tric field distribution g(ξ;ρ⊥), for transverse mode ξ and
dependent on the the transverse position ρ⊥, as
Oj(αj , βj , µj , νj) = Mj
∫
d2ρ⊥ g(αj ;ρ⊥)g(βj ;ρ⊥) (2)
× g∗(µj ;ρ⊥)g∗(νj ;ρ⊥).
Note that in writing equation (2), we have assumed
that the dependence on frequency for each of the trans-
verse electric field distributions g(ξ;ρ⊥) may be ne-
glected. Also, Mj is a normalization constant chosen
so that the sum over all j of |Oj(αj , βj , µj , νj)|2 yields
unity.
For process j, fj(ωs, ωi) represents the joint spectral
amplitude (JSA) which is determined by the phasematch-
ing characteristics and is given by [17]
fj(ωs, ωi) =
∫
dω A(ω)A(ωs + ωi − ω)sinc
[
L
2
∆kj
]
,
(3)
written in terms of the fiber length L and the (de-
generate) pump spectral envelope A(ω); the function
Ij(ωs, ωi) = |fj(ωs, ωi)|2 is referred to as the joint spec-
tral intensity (JSI). In equation (3), ∆kj represents the
phase mismatch given by
∆kj = k(ω;αj) + k(ωs + ωi − ω;βj) (4)
− k(ωs;µj)− k(ωi; νj)− φNLj
given in terms of the wavenumber k(ω; ξ) for transverse
mode ξ and frequency ω; φNLj is a non-linear contribu-
tion determined by self-and cross-phase modulation [17].
Note that while a number of works have studied in
detail the longitudinal phasematching properties, as de-
fined by the JSA function (see Eq. 3), in the theoretical
part of this paper we focus on the transverse mode over-
lap term Oj(αj , βj , µj , νj) and on the new physics which
may be derived henceforth.
While the theory presented so far is general and can
be applied to any type of fiber, we are interested in par-
ticular in SFWM sources implemented with birefringent
fibers. Knowledge of the modes which are supported by
the SFWM fiber is required for a theoretical description
of the two-photon state. Our work, presented below, is
based on a fiber in which the circular symmetry of the
fiber is (slightly) broken by the birefringence introduced
by two stress rods on either side of the core. In subsec-
tion B, below, we discuss how the fiber modes are well de-
scribed by linearly-polarized (LP) modes, appropriately
modified by polarization and parity.
Let us note that if a single SFWM process (correspond-
ing to a particular value of j in Eq. 1) were to be postse-
lected, then the resulting two-photon state can be entan-
gled in frequency but is otherwise unentangled; in par-
ticular, since the post-selected signal and idler photons
propagate in known transverse modes µj and νj , spatial
and mixed spatial-spectral entanglement is suppressed.
Each process has an efficiency defined by the overlap be-
tween the four waves involved Oj(αj , βj , µj , νj). For M
supported modes, we can have in principle up to M4
SFWM processes, so that an important question which
we address in this paper is which of these M4 processes
actually take place in a given situation. We will show for
the particular case of linearly polarized (LP) modes, that
this mode overlap is non-zero if both OAM and parity are
conserved. This is crucial for an understanding of the
two-photon source, because it enables the identification
of the processes which are viable. It is important to point
out that the number of viable processes can be drastically
3reduced by OAM and parity conservation from the M4
possible processes.
We point out that phasematching properties are such
that typically signal and idler emission frequencies are
correlated to the particular spatial modes involved in
each process. This implies that the postselection re-
ferred to in the previous paragraph can be accomplished
in a straightforward manner through spectral filtering.
If, however, no postselection is carried out then the two-
photon state is given by a coherent sum as indicated in
Eq. 1. In this case, the two-photon state can exhibit
hybrid frequency-transverse mode entanglement. While
OAM and parity for the overall two-photon state are not
well-defined, and therefore it is unclear how to formu-
late OAM and parity conservation rules for this overall
state, these quantities must be conserved, as we show in
subsection C below, on a process-by-process basis.
In this paper, we concentrate on cross-polarized
SFWM sources implemented with few-mode, weakly
guiding, bi-refringent fibers. The essential advantage of
such SFWM sources is that the fiber birefringence results
in a shift (with respect to a co-polarized SFWM process
in non-birefirngent fiber) in the phasematching condition
leading to signal and idler frequencies ωs and ωi which
are sufficiently removed from the pump frequency ωp to
avoid Raman contamination, while group velocity match-
ing conditions can be fulfilled permitting various types
of engineered spectral correlations [18]. Such fibers have
indeed been used as the basis for a number of recent ex-
periments [13–16] . In this paper we aim to provide a
complete theoretical framework which permits the full
description of the SFWM two-photon state produced in
such fibers; such a complete theoretical framework has
not been presented in the literature. This framework
must include reliable knowledge of the transverse modes
involved, incorportating the effect of parity and birefrin-
gence, as will be discussed in subsection B. An impor-
tant aspect, discussed in subsection C, is how parity and
OAM conservation can help define which SFWM pro-
cesses actually take place. The dispersion model which
we have used, including polarization and parity birefrin-
gence, required for carrying our specific simulations of
the two-photon state, is described in section D.
B. Transverse modes in weakly-guiding,
birefringent fibers
A conventional optical fiber exhibits a step refractive
index profile. It comprises a core with radius r0 and re-
fractive index n1, and a cladding with refractive index
n2 (n1 > n2); the electromagnetic formalism for such
fibers is well known [19]. While the exact propagating
modes are hybrid in the sense that all six components
of the electromagnetic field are non-zero, for fibers char-
acterized by a low dielectric contrast (n1 − n2  1), it
is well known that the propagating modes are approxi-
mately linearly polarized. Thus, for circularly-symmetric
fibers with a low dielectric contrast, transverse modes
are well-described by the LPlm family of modes, where
l = 0, 1, 2, . . . and m = 1, 2, . . . indicate the number of
maxima of the spatial profile along the azimuthal and
radial directions, respectively. Note that the mode index
l is related to the orbital angular momentum (OAM) of
light; in particular, a mode with subindex l corresponds
to a linear combination of contributions with azimuthal
dependence exp(±ilφ), i.e. with topological charge ±l. It
can be shown that an LPlm mode arises from the super-
position of the nearly-degenerate exact modes HEl+1,m
and EHl−1,m; while neither of these modes is linearly po-
larized, the sum is in fact nearly linearly polarized [19].
In our work we are interested in birefringent fibers
which depart from being circularly symmetric. Let
us note that for circularly symmetric fibers, we are
free to express the azimuthal dependence of the LP
modes in an exponential {exp(ilφ), exp(−ilφ)} or in a
{sin(lφ), cos(lφ)} basis. However, in the presence of fiber
birefringence for which azimuthal symmetry is broken,
modes have a well-defined even/odd parity and modes
with an exponential exp(±ilφ) azimuthal dependence are
in fact not supported. Thus, for a birefringent fiber
the propagation modes are correctly expressed in the
sine/cosine basis, with an appropriate parity-dependent
propagation constant. This is consistent with the fact
that the SFWM photons emitted by our source, see the
experimental section below, indeed have well-defined par-
ities.
Each propagation mode has two additional proper-
ties, besides the number of radial and azimuthal max-
ima, which are essential in our analysis: polarization
and parity. In fact, the fundamental mode LP01 ac-
tually represents two modes, the x-polarized LPx01 and
the y-polarized LPy01 modes, which become degenerate
(i.e. have the same propagation constant) in the case
of circularly-symmetric fibers. For higher-order modes,
parity becomes important [19, 20], so that for example
the mode LP11 actually represents the four modes LP
ex
11 ,
LPey11, LP
ox
11 , and LP
oy
11, where e (o) signifies even (odd)
parity. Again, while these four modes are degenerate for
circularly-symmetric fibers, in the case of a birefringent
fiber, the two LP01 and the four LP11 modes become non-
degenerate and must be taken into account separately. A
graphical summary of this “unfolding” of the LP01 and
LP11 modes into six separate modes is shown in figure
1. Note that all modes LPlm with l ≥ 1 likewise unfold
into four separate modes, which become non-degenerate
in fibers which depart from circular symmetry.
The transverse mode set for birefringent fibers is con-
sequently well represented by the linearly polarized (LP)
modes, with four labels, written as LPpqlm. While l =
0, 1, 2, . . . and m = 1, 2, . . . indicate the number of max-
ima of the spatial profile along the azimuthal and radial
directions, respectively, p = x(y) indicates that the mode
is polarized along the x (y) direction and q = e(o) indi-
cates the mode has even (odd) parity. Note that the x
(y) polarization in our case is defined as parallel to the
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FIG. 1. Unfolding of the LP01 and LP11 modes.
slow axis (fast axis) of the birefringent fiber used. Note,
also, that while the parity can be even or odd for all
values l ≥ 1, l = 0 modes always have even parity. The
subscripts αj , βj , µj , νj in equations (2) and (4) then rep-
resent particular combinations of values for the four mode
indices l and m, p, and q.
The transverse electric field distribution for mode
LPpqlm, expressed in polar coordinates r and φ, can be
factored into radial and azimuthal factors as follows
gpqlm(r, φ) = F
pq
lm(r)G
q
l (φ). (5)
In equation (5), the radial factor is given in terms of
the lth order Bessel function of the first kind Jl(.) and
the lth order modified Bessel function of the second kind
Kl(.), as
F pqlm(r) =
{
Jl(u
pq
lmr), r < r0
Kl(v
pq
lmr), r > r0
(6)
where r0 is the core radius and where
upqlm =
√
k21 − (kpqlm)2
vpqlm =
√
(kpqlm)
2 − k22 (7)
are parameters defined in terms of the wavenumbers for
frequency ω of the propagation mode, kpqlm, as well as
wavenumbers corresponding to the core, k1, and the
cladding, k2, expressed as
kpqlm = n
pq
lmω/c
k1 = n1ω/c
k2 = n2ω/c. (8)
In the equation above, npqlm represents the effective in-
dex in the fiber of the propagation mode. Note that for
the specific case l = 0, there is no azimuthal dependence
and Gq0(φ) = 1 if q = 1 (even parity), while G
q
0(φ) is un-
defined if q = −1 (odd parity), i.e. the modes with l = 0
necessarily have an even parity. For l ≥ 1,
Gql (φ) =
{
cos(lφ), q = 1 (even mode)
sin(lφ), q = −1 (odd mode) . (9)
We will now proceed to investigate the form which the
mode overlap (see Eq. (2)) takes for LP modes.
C. Conservation of orbital angular momentum and
parity in SFWM
The question of whether OAM and parity are con-
served for the spontaneous parametric downconversion
(SPDC) process has been addressed by a number of
authors. OAM conservation was assumed to hold in
the early work on OAM entanglement with non-guided
SPDC [21]; it was identified then that OAM conservation
leads naturally to OAM entanglement. It was later de-
termined that in fact OAM conservation is only to be ex-
pected in those particular cases for which the interaction
Hamiltonian is azimuthally symmetric [22–25]. Thus, in
a number of non-guided source configurations including
bulk-crystal type-II, as well as type-I source designs for
which Poynting vector walkoff cannot be ignored (e.g. de-
rived from strong pump focusing or a long crystal), OAM
is not conserved. In the case of guided SPDC, i.e. oc-
curring in a nonlinear χ(2) waveguide, source symmetries
dictate the conservation rules [26]. While azimuthally-
symmetric circular waveguides lead to an OAM conserva-
tion rule, rectangular waveguides lead to a parity, rather
than OAM, conservation rule [27, 28]. Our own SFWM
source is characterized by a cylindrical fiber core with a
(slight) deviation from azimuthal symmetry which trans-
lates into non azimuthally-symmetric l ≥ 1 modes. It
is very interesting that for this source, elements are re-
tained from both circular and Cartersian symmetries: as
we show in this section, both OAM and parity are con-
served on a process-by-process basis.
Let us note that classical, i.e. stimulated, three and
four wave mixing processes are a close relative of the
spontaneous four wave mixing process studied in this pa-
per so that our discussion, including the physics of parity
and OAM conservation, of course is related to the simi-
lar effects observed classically [29]. In particular, recent
work has addressed these issues for stimulated four wave
mixing [30, 31]. The quantum-mechanical treatment pre-
sented here is aimed at enabling the design of a new gen-
eration of fiber-based photon pair sources with hybrid
entanglement in frequency and in transverse mode.
In a fiber which supports multiple transverse modes,
each possible combination of transverse modes amongst
the four participating waves can result in a SFWM pro-
cess provided that two conditions are fulfilled: i) the four
5waves are appropriately phasematched at given pump
and generation frequencies i.e. ∆kj = 0 (see equa-
tion (4)), or at least approximately phasematched as
|L∆kj | ≤ 2pi, and ii) these four waves have a non-
vanishing overlap. In a situation where there are M
transverse modes available for each wave, there are M4
possible processes. For example, if the LP01 and LP11 are
supported (which become six non-degenerate modes in
the case of a birefringent fiber), there are then 64 = 1296
possible processes. We show below that the second condi-
tion, i.e. a non-vanishing mode overlap, translates for the
specific case of linearly polarized modes into conservation
rules which may be used to determine the processes which
are greatly reduce the number of viable processes.
Let us consider the case where each wave is described
by LP modes, so that for process j the pump-1 (pump-
2) wave αj (βj) becomes characterized by four indices:
lj1, mj1, pj1, and qj1 (lj2, mj2, pj2, and qj2). Like-
wise, the signal (idler) wave µj (νj) becomes character-
ized by four indices ljs, mjs, pjs, and qjs (lji, mji, pji,
and qji). The fact that for LP modes the transverse
electric field distribution gpqlm(r, φ) is factorable into ra-
dial and azimuthal contributions, implies that the mode
overlap Oj(αj , βj , µj , νj) may be likewise factored into
radial and azimuthal contributions, as
Oj(αj , βj , µj , νj) = O
r
jO
φ
j , (10)
in terms of radial and azimuthal overlap integrals, Orj
and Oφj , as follows
Orj =
∞∫
0
rdrF
pj1qj1
lj1mj1
(r)F
pj2qj2
lj2mj2
(r)[F
pjsqjs
ljsmjs
(r)]∗[F pjiqjiljimji(r)]
∗
Oφj =
2pi∫
0
dφG
qj1
lj1
(φ)G
qj2
lj2
(φ)[G
qjs
ljs
(φ)]∗[Gqjilji (φ)]
∗. (11)
For the analysis below, we will focus on the azimuthal
overlap Oφj , which may be expressed as
Oφj = δ∆qj (δ∆l+++j
+ δ∆l−++j
+ . . .+ δ∆l−−−j
) (12)
where the quantity within the brackets contains terms
defined by all 8 possible combinations of signs for lj2,
ljs, and lji. In Eq. 12, δn, with integer n, represents
a one-argument Kronecker delta (which vanishes unless
n = 0, in which case the delta yields unity). Note that in
writing Eq. 12 we have defined a parity non-conservation
parameter for process j, ∆qj , as follows
∆qj = qj1qj2 − qjsqji, (13)
as well as a family of OAM non-conservation parameters
for process j
∆l+++j = lj1 + lj2 + ljs + lji
∆l−++j = lj1 − lj2 + ljs + lji
. . .
∆l−−−j = lj1 − lj2 − ljs − lji, (14)
for all 8 combinations of signs for lj2, ljs, and lji.
It is clear from Eq. 12 that in order for the azimuthal
overlap to be non-zero for a given process j, the following
two conditions must be observed: i) ∆qj = 0 and ii) at
least one of the eight terms within the brackets, each
corresponding to a different combination of signs in front
of the topological charges for three of the waves, must be
non-zero, leading to the condition that at least one ∆lj
parameter must vanish.
The first of the above conditions tells us that the mode
overlap vanishes unless qj1qj2 = qjsqji, i.e. the parity of
the pump waves must match the parity of the generated
SFWM photons, which is a statement of parity conser-
vation.
In order to interpret physically the second condi-
tion, let us consider the LPpqlm modes, expressed in the
sine/cosine basis which is consistent with the loss of cir-
cular symmetry in our birefringent fiber, see Eqns. 5 and
9. Note that while these modes do not contain a phase
singularity and therefore do not carry OAM, they are in
fact, for l ≥ 1, the coherent addition of two subjacent
optical vortices with topological charges l and −l. The
second of the above conditions is then fulfilled if the sum
of the topological charge values for all four waves, with
any combination of signs in front of each one, is zero. In
other words, this second condition is fulfilled if OAM is
conserved, i.e. the sum of the topological charges for the
two pumps matches the sum of the topological charges
for the two generated photons, when any of the two sub-
jacent vortices is selected for each of these four waves.
It is important to point out that the parity and OAM
conservation rules presented here cannot apply to the
overall two-photon state; indeed, it is not clear how to
define parity and OAM for the overall two-photon state.
Thus, parity and OAM conservation rules apply on a pro-
cess by process basis, and determine whether a particular
SFWM process j is viable.
D. Simplified model for dispersion properties of
birefringent fibers
Birefringent fibers allow cross-polarized phasematch-
ing in SFWM [12–15, 32]. In this paper, we focus on
processes of the kind xx−yy, in which the pump and the
emitted photons have orthogonal polarizations. While
fiber birefringence is essential in our experimental imple-
mentation so as to ensure phasematching, it is in fact
important in other ways. Indeed, such a cross-polarized
scheme simplifies the separation of SFWM from pump
6photons at the fiber output, and contributes to minimize
the noise background produced by spontaneous Raman
scattering [33]. For an optimal implementation of this
configuration it is desirable that the state of polariza-
tion of the waves involved remain unchanged along the
fiber, which becomes viable in highly birefringent fibers,
known as polarization maintaining fibers, for which the
difference in propagation constant for the two orthogonal
polarizations is obtained by designing elliptical cores or
including “panda”- or “bow-tie”-type stress rods into the
cross section [34].
The degeneracy of modes with different polarization
and parity is lifted in this kind of fibers due to the lack
of azimuthal symmetry. Thus, modes LPexlm, LP
ey
lm, LP
ox
lm,
and LPoylm all have a different propagation constant [35].
In order to specify the effective refractive index of prop-
agating modes in highly birefringent fibers, we use a sim-
ple model based on the treatment for circularly symmet-
ric step index fibers in the weakly guiding approximation
[19]. Assuming that n0 is the effective refractive index
for a specific LPlm mode (with l ≥ 1) in the circularly
symmetric fiber, we model the refractive indices of the
four unfolded modes as follows
ney = n0, noy = n0 + ∆p,
nex = n0 + ∆, nox = n0 + ∆ + ∆p, (15)
where ∆ and ∆p are the polarization and parity bire-
fringences, respectively. Note that for l = 0 modes, odd
parity is undefined, so that these relations simplify to
ny = n0
nx = n0 + ∆. (16)
From these definitions the propagation constant for
each mode can then be calculated, which allows us to
explore the phasematching properties for all potential
SFWM processes.
III. EXPERIMENTAL IMPLEMENTATION
The SFWM source used in our experiments, sketched
in figure 2, is similar to the one used in our papers
Ref. [12, 18] . We employ as pump for the SFWM pro-
cess a picosecond mode-locked Ti:sapphire laser (76MHz
repetition rate and ∼ 0.5nm bandwidth with a central
wavelength which in our experiment is tuned from 690nm
to 720nm). The pump beam, filtered with a prism-based
spectral bandpass filter (PF) with ∼ 50mW power, is
coupled into a 14.5cm length of bow-tie birefringent fiber
using an aspheric lens with 8mm focal length (L1); the
polarization in the fiber is set parallel to the fiber’s slow
axis using a half-waveplate (HWP1). We generate pho-
ton pairs in this fiber through cross-polarized SFWM so
that the signal and idler photons are polarized parallel to
HWP1
&
Ti:Sapph
BRF
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POL
DM
M
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PF
MMFi
MMFs
Ω
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FIG. 2. Experimental setup.
the fiber’s fast axis (see inset of Fig. 2). The photon pairs
are out-coupled from the fiber using a second aspheric
lens with 8mm focal length (L2) and their polarization is
set to horizontal using a second half wave plate (HWP2);
a Glan-Thompson polarizer (POL) reduces the remaining
pump power by a factor equal to the extinction ratio of
∼ 105. The photon pairs are frequency non-degenerate,
emitted in spectral bands placed symmetrically around
the pump; they are split using a dichroic mirror (DM) fol-
lowed by bandpass filters (BPs and BPi) centered at the
signal and idler photons for further pump suppression.
Our primary aim is to measure the signal and idler
emission spectra, as a function of the pump wavelength.
For this purpose, we rely on spectrally-resolved, coinci-
dence photon counting. For a given pump central fre-
quency, which we scan from 690nm to 720nm, we couple
the idler (λ < λp) and signal (λ > λp) photons into sepa-
rate multimode fibers, MMFi and MMFs. For spectrally-
resolved detection, we employ a scanning grating-based
monochromator (Ω) which has been fitted with multi-
mode fiber input and output ports. While MMFs serves
as input for Ω, with the output of Ω directed to a sili-
con avalanche photodiode (APD1), fiber MMFi leads di-
rectly to a second avalanche photodiode (APD2). We
then monitor the coincidence rate at APD1 and APD2,
with accidental counts subtracted, as a function of the
central transmission frequency of Ω. In this manner we
are able to measure the signal-photon spectrum in co-
incidence with the corresponding (spectrally-unresolved)
idler photon. Subsequently, we reverse the role of the two
photons so as to measure the idler-photon spectrum in
coincidence with the (spectrally-unresolved) signal pho-
7ton.
In Fig. 3 we show our experimental results. In panel (a)
we show a collection of idler-photon (λ < λp) spectra for
a number of different pump wavelengths within the range
690nm to 720nm. In panel (b) we show the correspond-
ing signal-photon (λ > λp) spectra. It is apparent from
these plots, especially for the lower pump wavelengths,
that the SFWM spectra are in the form of three pairs of
energy-conserving peaks. One of the pairs of peaks (the
one which involves signal and idler wavelengths closest to
the pump wavelength) leads to a higher count rate (by
about one order of magnitude, as compared to the other
two pairs of peaks. The three pairs of peaks are present
for all of the pump wavelengths considered, although for
the larger pump wavelengths two of them are much re-
duced in count rate; this is in all likelihood because the
pump approaches the cutoff wavelengths for the LPex11
and LPox11 modes which serve as pumps for processes A
and B [36]. In panel (c) we show the location of each of
the three idler-photon peaks, directly obtained from the
peak maxima in Fig. 3(a); for each of the experimental
points, the horizontal bar indicates the width of the cor-
responding SFWM peak, while the vertical bar represents
the pump bandwidth. Panel (d) shows the corresponding
signal-photon emission wavelengths as a function of the
pump wavelength, obtained from panel (b).
It is to be expected that each of the pairs of peaks
discussed in the previous paragraph is associated with a
separate SFWM process, defined by a particular combi-
nation of transverse modes for the four waves involved.
In order to explore this, it is helpful to measure the
transverse mode into which the signal and idler pho-
tons are emitted for each pair of peaks. As reported in
Ref. [18], we have employed a combination of spectrally-
and spatially-resolved photon counting in order to mea-
sure the transverse spatial distribution associated with
each of the six peaks in Fig. 3; we have indicated in pan-
els (c) and (d) of Fig. 3 the measured transverse mode
next to each of the six curves. Note that these transverse
modes remain unchanged for the whole range of pump
wavelengths considered.
IV. ANALYSIS OF EXPERIMENTAL RESULTS
Our measurements of frequency-resolved coincidence
rates suggest (for all pump frequencies considered within
the range 690nm to 720nm) the presence of three separate
SFWM processes, where each process contributes one
pair of energy-conserving peaks. Qualitatively, all pump
wavelengths lead to the same behavior, except that the
signal and idler wavelengths shift towards the IR as the
pump wavelength is increased (see Fig. 3). An analysis of
the phasematching properties in the fiber is needed in or-
der to correctly identify the SFWM process which gives
rise to each measured pair of spectral peaks. Such an
analysis demands knowledge of the chromatic dispersion
and of the modes supported by the fiber. With the infor-
mation provided by the manufacturer and based on mea-
surements of the spatial profile of the generated photons
reported in Ref. [18], we were able to identify that our
“bow tie” fiber supports two propagation modes within
the spectral range relevant in the experiment: LP01 and
LP11. Nevertheless, as was explained in subsection II B,
these two modes in fact unfold, in a birefringent fiber,
into six non-degenerate modes, which leads to 64 = 1296
possible SFWM processes. Restricting our attention to
cross-polarized processes of the type xx−yy, as is done in
our experiment, leaves 32× 32 = 81 processes. Addition-
ally, by invoking the conservation of OAM and parity (see
subsection II C) it can be shown that only 15 processes
are actually viable. Thus, each of the three pairs of spec-
tral peaks observed in the experiment could result from
one of these 15 processes, subject to the phasematching
constraint (see equation (4)).
Note that while the transverse modes in which each of
the SFWM photons is generated, within each of the three
peaks, is known from our experimental measurements (as
reported in Ref. [18]), the transverse modes in which the
pump waves propagate cannot easily be determined from
the experiment. Table I lists all 15 processes identified
in the previous paragraph, classified into four mutually
exclusive groups, where we have taken into account the
measured transverse modes for the SFWM photons : i) a
single process which is compatible with pair of peaks A,
ii) a single process which is compatible with pair of peaks
B, iii) three processes which are compatible with pair of
peaks C, and iv) those processes that are not compatible
with any of the three pairs of peaks.
Note that the description used in this paper, includ-
ing the unfolding of LP modes according to parity and
polarization, is an improvement over the model used in
our earlier paper [12]. Note also that a reliable theoret-
ical description of the fiber used in [12] is complicated
on account of its very thin “inner cladding” (the space
between the stress-applying rods and the core): differ-
ent transverse modes extend to varying degrees outwards
from the core, and some may reach the stress-applying
rods. This implies that a simple dispersion model based
on the step index fiber with corrections due to birefrin-
gence parameters is no longer sufficient. In this work we
have used a fiber with the stress rods sufficiently removed
from the core so that the evanescent tails of the trans-
verse modes are fully contained by the inner cladding.
We have implemented a numerical strategy which ac-
complishes two tasks: it identifies i) the processes (from
the groups in Table I), which optimize the simultane-
ous phasematching for all three pairs of peaks, and ii)
the fiber parameters {r0, NA,∆,∆p}. For the particu-
lar case in question the first task is trivial for two of the
three pairs of peaks since there is a single process avail-
able. The search in the parameter space {r0, NA,∆,∆p}
is executed exploiting a genetic algorithm (GA). In our
GA, each individual is formed by the values of the four
fiber parameters, and a fitness function (FF) is defined
as ∆kT = |∆kA + ∆kB + ∆kC | (with ∆kA/∆kB/∆kC
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p1 p2 s(λ > λp) i(λ < λp)
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TABLE I. List of the 15 cross-polarized xx− yy SFWM pro-
cesses which conserve both OAM and parity.
the phase mismatch for process A/B/C, evaluated at
the frequencies associated with each of the three pairs of
peaks), with greater fitness associated with lower values
of ∆kT . A population of individuals evolve through suc-
cessive generations of children created from the forebears
by three mechanisms: i) the fittest ones (elite) are re-
produced intact, ii) combination of parents, or crossover,
and iii) the introduction of random mutations. Note that
in each generation step of the GA, all possible SFWM
processes for each pair of peaks are tested retaining the
combinations of processes which minimize the FF.
It is worth noting the FF can be defined for the three
pairs of peaks obtained for a particular choice of pump
wavelength or for collective data derived from mp pump
wavelengths; in the latter case, the definition of ∆kT is
adjusted so that 3 ×mp ∆k′s are added together, three
for each pump wavelength. Also, for each pump wave-
length, the algorithm may be run either: i) without speci-
fying the signal and idler transverse modes (in which case
15 mode combinations must be tested for each pair of
peaks), or ii) restricting to the experimentally-measured
signal and idler trasnsverse modes. Of course both alter-
natives should lead to the same result, which constitutes
a useful self-consistency test (which is indeed fulfilled in
our implementation). Our algorithm leads to a number
of solutions for the fiber parameters {r0, NA,∆,∆p}, all
of them involving the processes shown in bold typeface
in table I. In Fig. 4 we have plotted the transverse modes
that participate in each of the three proceses.
In addition to the determination of the specific pro-
cesses present in our source, our GA yields a family
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of parameter sets {r0, NA,∆,∆p}, each one leading to
agreement to within 1.5nm between measured and pre-
dicted peaks. This parameter set family is represented
with red squares in Figs. 5(a)-(d), with the resulting val-
ues of ∆kT plotted in the vertical axis, and where black
lines represent interpolations which suggest a continuum
of solutions; indeed, we verified that any combination of
parameters from these curves yields good agreement with
our experimental results. In panels (a) and (e) we have
included for convenience the core radius in the bottom
and the mean field diameter (MFD) of the fundamental
mode in the top. Note that while the variation along this
continuum of the birefringence parameters ∆ and ∆p is
only slight, there is a much more significant variation
in the radius and the numerical aperture. Our family of
solutions is represented in {r0, NA} space in Fig. 5(e), in-
dicating what may be regarded as a continuum of “equiv-
alent fibers” all of which would yield a similar SFWM be-
havior. Indeed, since the waveguide contribution to the
overall fiber dispersion is proportional to the index con-
trast, i.e. to the NA, and inversely proportional to the
core radius, the inverse relationship implied by Fig. 5(e)
agrees with intuition.
Among the family of solutions shown in Fig. 5, there
are two which are of particular interest. The first one,
which involves the parameters r0 = 1.45µm (implying a
mean filed diameter of MFD = 3.27µm), NA = 0.20,
∆ = 2.38× 10−4, and ∆p = 4.57× 10−4 is the one which
minimizes the fitness function ∆kT . The second one,
which involves the parameters r0 = 1.742µm (implying
a mean field diameter of MFD = 4µm), NA = 0.167,
∆ = 2.37 × 10−4, and ∆p = 4.41 × 10−4, is compatible
with the parameter values provided by the manufacturer
(except for the parity birefringence ∆p, which is unspec-
ified). The first (second) of these identified solutions in-
volves a maximum deviation between the experimental
and theory peaks of 0.59nm (1.47nm). In figures 3(c) and
3(d) we have shown phasematching curves (i.e. defined
as the locus of pump and SFWM wavelengths for which
∆k = 0 for each of the three processes) overlapped with
experimental points. Note the solid lines were plotted
assuming the first solution from the previous paragraph,
while dashed lines were plotted assuming the second solu-
tion. It is evident from this plot that: i) the two solutions
identified in the previous paragraph yield essentially the
same phasematching characteristics, and ii) there is ex-
cellent agreement between theory and experiment.
A relevant aspect of our analysis of the experiment
is that it could be exploited as a fiber characterization
technique, applicable to different fiber geometries. As
has been shown above, from a set of SFWM wavelength
vs pump wavelength experimental data, our genetic al-
gorithm is capable of identifying a family of parameters
{r,NA,∆,∆p} as candidates to describe the fiber used.
For the specific experimental situation studied here, on
the one hand the two birefringence parameters ∆ and ∆p
are relatively constant within the resulting family of so-
lutions, and can be determined with an accuracy of < 1%
for ∆ and < 10% for ∆p. On the other hand, the radius
and numerical aperture exhibit a particular inverse rela-
tionship between them, so that the independent determi-
nation of either of these two parameters would enable us
to determine the remaining parameter.
In the context of the possible application of our exper-
imental analysis as a fiber characterization technique, it
is interesting to compare the phasematching constraints
for process C (for which all waves propagate in the fun-
damental mode), on the one hand, and for processes A
and B (which involve non-fundamental modes), on the
other hand. In figure 6 we show, in the space formed by
the core radius and the numerical aperture, the phase-
matched region for which |L∆k| ≤ 2pi for each of the
three processes (red regions). Clearly, processes A and
B lead to considerably more acute phasematching con-
straints as compared to process C. This implies that the
existence of processes which involve higher-order modes
improve the prospects of this analysis as a fiber charac-
terization technique. Neverthless, this fiber characteri-
zation technique could be applied in benefit of the con-
siderable body of work which exists based on SFWM in
birefringent fibers without the use of multiple transverse
modes [13–16].
V. CONCLUSIONS
We have presented a theoretical and experimental
study of a photon pair source based on the process of
spontaneous four wave mixing (SFWM), in a situation
where more than one transverse mode is supported, both
for the pump and for the signal/idler photons. We have
based our work on a birefringent fiber, specifically on
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a “bow-tie” fiber, in which the propagation modes are
well approximated by the linearly polarized (LP) family
of modes. We discuss that in the presence of birefrin-
gence, while the fundamental mode LP01 unfolds into
two non-degenerate modes associated with x and y po-
larizations, the LP11 (along with all those with l ≥ 1)
unfolds into four non-degenerate modes labelled by the
different combinations of x/y polarizations and even/odd
parity. We have shown that within the linearly polarized
approximation, among all possible SFWM processes de-
fined by different combinations of transverse modes for
the four participating waves, the departure from circular
symmetry means that both orbital angular momentum
and parity must be conserved in order for a process to be
viable. We discuss that the presence of multiple SFWM
processes leads, in general, to hybrid two-photon entan-
glement in frequency and transverse mode.
We present the results of an experiment in which we
have measured, for a number of different pump wave-
lengths, the SFWM spectra in coincidence, which are
composed of multiple (in this case three) pairs of energy-
conserving peaks. We use these experimental results, to-
gether with information about the transverse modes in
which the signal and idler photons are generated, as in-
put to a genetic algorithm which on the one hand enables
us to match a particular SFWM process with each pair of
energy-conserving peaks, and on the other hand permits
us to characterize the fiber, i.e. to obtain numerical val-
ues for the fiber parameters. We believe that these results
will pave the way for further progress in the generation of
photon pairs in optical fibers with hybrid entanglement
in frequency and transverse mode.
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